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Abstract. We show that a unique, most probable and stable solution for the wavefunction of the universe,

. . 2 . . -
with a very small cosmological constant Ay ~ ( l:N) , can be predicted from the supersymmetric minisuper-

space with NV vacua of the landscape of string theory without referring to the anthropic principle. Due to the
nearest neighbor tunneling in moduli space lattice, the N-fold degeneracy of the vacua is lifted and a discrete
spectrum of bound state levels over the whole minisuperspace emerges. Supersymmetry is spontaneously

broken by these bound states, with discrete non-zero energy levels As ~ (Z?JTV)Q’ s=1,2,...

PACS. 98.80.Qc; 11.25.Wx

Recent progress in string theory has revealed a large and
rich structure of vacuum solutions in moduli space [1-
11], known as the landscape [3]. The large number of
vacua results from the fact that in a typical compactif-
ication of M-theory from eleven dimensions to (3+1) di-
mensions there are hundreds of ways of ‘wrapping’ com-
pact dimensions with flux and hundreds of 4-form fields
and fluxes. Counting of string theory vacua has been the
subject of much recent works on landscape theory [8—11].
The (Poincaré) supersymmetric (SUSY) vacua are degen-
erate with zero vacuum energy, while the non-SUSY part
of the landscape is expected to have vacua with different
but finite values of the energy density A in the range OfM;f.
In general one expects to have disconnected sectors of such
vacua as well.

The potential V(¢) of the moduli field ¢ (which de-
scribes the collective contributions from all moduli ¢;), is
typically described as having many valleys (the vacuum
solutions) separated by barriers with height of order Mg.
Though the detailed structure of the landscape is not yet
fully understood, the large number of vacuum solutions
will quite likely persist. As a result the following question
has been the central theme in the landscape investiga-
tion: In which vacuum, from this multitude of choices, does
our universe reside? There seems to be no physical selec-
tion criterion to answer this challenge, a fact that has led
many people to seek support from anthropic arguments
instead [3].

Our approach here is entirely different from the way
this challenge has been explored so far. We do not ask ‘in
which vacuum do we live?’. Instead we are interested in
finding the answer to the following question: Which sta-
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ble solution of the wavefunction of the universe is the most
probable solution over the whole superspace of the land-
scape? As we show below, the wavefunction of the uni-
verse actually spreads over the whole landscape rather
than being localized around a certain particular vacuum.
We model the landscape by considering the superspace of
moduli ¢ as a finite lattice of N sites with tunneling be-
tween the sites taken into account in the nearest neighbor
approximation. We show that there is a discrete range of
solutions that form ‘energy’ bands, and the most proba-
ble one is the minimum energy bound state which is lifted
from zero. Thus, our treatment predicts a universe having
a small cosmological constant, A ~ ( lp”]\,)2 (provided N is

large), as the most probable one, without referring to the
anthropic arguments.

1 The minisuperspace approach

In the superspace of all vacuum solutions for moduli ¢ with
homogeneous 3-geometries, we consider only one sector,
namely, the minisuperspace of SUSY vacua, that preserve
R-parity symmetry, described by the potential V(¢) with
potential wells that sit at zero, and by the metric of spa-
tially flat and homogeneous 3-geometries
ds? = [-Ndt? +a?(t)dx?], (1)
N is a lapse function that can be set to N'= 1. We also
make the assumption of equal a priori probabilities for each
SUSY vacuum to occur. This means that we consider the
potential V' (¢) for the modulus field to have a periodic ‘lat-
tice’ type distribution of equidistant potential wells and
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barriers. The energy of the SUSY vacua will sit at A\; =0,
and for the barrier heights and spacing b between them we
can take the typical values of O(Mg) and Planck length
b~ 1, respectively. Let the number of (vacuum) sites in
this SUSY minisuperspace ‘periodic lattice’ be some large
but finite number N. The SUSY minisuperspace is de-
fined by the configuration space of the two variables ¢ and
a. The wavefunction of the universe propagating through
the SUSY minisuperspace, ¥(a, ¢), is a functional over the
configurations ¢ and a, as we switch on gravity. All our cal-
culations and results below can easily be extended to closed
and open universes.

2 Formalism

We set out to solve the Wheeler-De Witt equation in the
minisuperspace. The combined action of the a,¢ back-
ground is
R ¢ 1
S=8g+8s= [ d*zy/— - Vip)|. (2
c+8= [atav—g| 5+ G - v @
We set below the normalization factor k% =12 and the
Planck constant A equal to one, unless otherwise noted.
The Lagrangian for gravity is

1 ad®
Lg=2N[—N2—a A]. (3)
The canonical momenta are defined by p, = 88Ldg =— 7\7
The corresponding Hamiltonian becomes
. 1
Hy= (i L)/N =~ [—a*4].  (4)

The homogeneous moduli field is described by the
Lagrangian

3 i2
L¢:aN(¢ _

S (v, ®)

. . . oL
and its canonical momenta are given by pg = 5 ¢ =a3¢.

The potential for the moduli ¢ in the SUSY minisuper-
space is some periodic function with zero energy for all N
potential wells and lattice spacing b as explained above,
which satisfies

V(g)=V(o+b), (6)

with barrier heights ~ O(M}}). The Hamiltonian for the
field, with NV set to one, is

Ho= ) (#4V() 7

Let us define In(a) = o, ¢ = ¢v. The full Hamiltonian in the
(v, ) minisuperspace on the SUSY sector of the super-
space with A = \; = 0 becomes

1
H= )0 [~ PatP+e V()] (8)
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The system is quantized by promoting the conjugate mo-

menta in (8) to the operators p, = _iai and py = _iaa¢>1
We have
N 1 [6* 02
H= +efV(9)] . (9)

2e3e | a2 Og?

The Wheeler-DeWitt equation is the quantum Hamilto-
nian constraint, obtained by varying the action (2) with
respect to NV,

H(a,¢) =0, (10)
with the Hamiltonian operator H given by (9) acting on the
wavefunction of the universe ¥ (a, ¢).

The field equations of motion are obtained by varying
the action, S in (2), with respect to a and ¢, respectively,
and read

. . 10V
¢+3H¢+28¢:0’ (11)
d+3[a2+<2>2—V(¢)]=0. (12)

2

It is easy to check for consistency that in fact the « equa-
tion of motion is nothing more than the Friedmann equa-
tion for the expansion in the presence of the energy density

of the field ¢, e = % + 1V(¢).

3 Boundary conditions and solution

The SUSY minisuperspace periodic lattice contains a large
but finite number of ‘lattice sites’ (vacua), N, in the poten-
tial V(¢), (6). We will assume that there is no interaction
with the ‘hidden sectors’ of the superspace, and thus the
wavefunction does not leak out to other sectors. The solu-
tion to the Wheeler-DeWitt equation (10) would produce
an N-fold degenerate ground state for ¥(«, ¢). Let us now
allow for tunneling between sites, in the nearest neighbhor
approximation, with a tunneling rate ¢. Finite large peri-
odic lattices have been extensively studied in condensed
matter physics [21]. Tunneling between neighbor sites lifts
the degeneracy of the vacuum solution as it breaks the
lattice translation symmetry. In order to establish the anal-
ogy with condensed matter systems, let us for the moment
take oo = constant in (9). For our SUSY ‘lattice’ the ground
state vacuum energy is A = 0. The boundary conditions in
this large but finite lattice quantize the wavenumber k in
terms of a discrete quantum number s. There are two pos-
sible boundary conditions we can choose for the N lattice
sites numbered 0 to N —1: The fized end-point boundary
that requires the wavefunction does not propagate out-
side the minisuperspace, i.e. the function should vanish at
these end-points; or the cyclic boundary condition relevant

I There is the operator ordering ambiguity which can be ig-
nored in the semiclassical approximation we are interested in
here. For more details and subtleties of the minisuperspace ap-
proach to the second quantization of gravity see, e.g. [12-18].
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for large N which requires that the sth site should satisfy
Uns =Ws. For large N the two are equivalent by the sym-
metry of K — —k, |[k| < 7 and L =0bN. There are N —1
normal modes in this configuration. Boundary conditions
thus require that

s
bN’

Due to the mixing between nearest neighbors from tun-
neling, the Hamiltonian has non-diagonal terms. Diagonal-
izing the Hamiltonian yields the energy eigenvalues of (15),
thereby splitting the levels and removing the N-fold de-
generacy of the ground state. The eigenfunctions obtained
after the diagonalization of the Hamiltonian are the nor-
mal modes of the system given by ¥ ,)(¢) ~ sin(ks¢) or
cos(ks¢). Physically these eigenfunctions are a superpo-
sition of left and right moving Bloch plane waves which,
due to constructive interference in their phases, satisfy the
Bragg reflection condition and form standing waves in the
minisuperspace lattice of size L = bN. These bound states
are ertended states on the landscape as they can spread
over many vacua due to tunneling. The expressions for the
standing waves consistent with the boundary condition are

__ sin(ks9)
Y= Uk

where the quantum number s (not to be confused with
the lattice site numbering), takes values in the range s =
1,...,N. The eigenvalues of the Hamiltonian form bands
of energy with discrete energy levels, €5. A rough estimate

ks = s=1,2,...,N. (13)

(14)

s

for the tunneling rate can be given by 6 ~ (7 )2, known as
the mass gap of periodic lattices. The energy of each level
with wavenumber k; is

€s =20 — 2§ cos(ksb) . (15)

At this point we re-establish the dependence on o and
find solutions for the wavefunction of the universe ¥ (a, ¢)
to the full Hamiltonian given by (9). Let us take the follow-
ing ansatz for the wavefunction of the universe ¥ in (10):

¥(a,z) = ZsFr (), (z) - (16)

We have rescaled the variable and the parameters as fol-
lows: ¢ to © =e3%¢, b=0be3%, k, = ke 3, 6 = e so
that (10) becomes separable in a, z. After rescaling, ¥y, (x)
in (16) satisfies the o independent equation

92
{_ o2 T V(x)} Viy () = €, () - (17)

2.2
The energy eigenvalues €, ~ ;S (asin (15)) and the solu-
tions for the eigenfunctions ¢y, are given by (13) and (14).
The lowest energy standing wave is the one for s =

1, ki = 57;\[, € = (57;\/)2. By plugging (17) back into (10)
we obtain that the Fj, (o) of (16) satisfy the following
equation:

—1—660‘65] Fi, (a)=0. (18)
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The solution to this equation is a zero order Bessel
function,

P = o e

_ ool 6 (1, 6«
_2(H0 (3\/636 >—|—H0 3\/ese ,
(19)

namely the Hankel function HSQ) with the chosen bound-
ary conditions. In the large a = e® limit it reads

1 +iy/|Es|a®
B (e sV (20)
WhereES:eGO‘eS:(lf]’\r,)2withs:l,2,...,N.

The solution to the equation of motion for «, (12),
yields a = +|e,|'/?t = £(H,t). The growing mode soon
dominates over the decaying one, thus we take only the
outgoing mode « = +Ht as our boundary condition at
time plus infinity (see [14] for details). Therefore, each
standing wave mode labelled by the quantum number s in
the expression (16) for the wavefunction ¥ («, ¢) describes
a de Sitter universe with it own constant non-zero cosmo-
logical constant €, ~ ( ;T]\S,) , time and expansion rate o =
+H,t. There are N — 1 discrete normal modes that form
the discrete energy band of bound states, all lifted from
zero by the respective level energy €. Clearly this mass gap
of levels spontaneously breaks the SUSY of the background
landscape. Decoherence between levels is resolved since the
energy levels are discrete and separated by a finite amount
of energy. The lowest lying energy state, corresponding to
s =1, has a non-zero energy of €&; = (b}rv) .

There is an ongoing debate in quantum cosmology [14]
on the measure of probability in the wavefunction of
the universe, both definitions being plagued with some
pathologies. The probability for (9), viewed as a Klein—
Gordon equation, is given by P = i(W9,¥* —¥*9,¥). The
same Hamiltonian, when treated with the quantum me-
chanic formalism has a probability given by P = |¥|?. Due
to the oscillatory solution for the modes of ¥(«, z), in our
case both expressions for the probability give, up to an
overall normalization constant, ((f;)2 for lattices)

Pr 1 (21)
|€s]

This shows that P is peaked around ¥; with energy é; =~

(b’]rv)Q. Although the SUSY landscape potential has A =

0, our calculation shows that the most probable solu-

tion, (21), is peaked around the first bound state in the dis-

crete band of energy levels, i.e. the lowest lying energy level

s =1. As shown this lowest lying level has a non-zero en-

ergy constant energy € ~ (b’fv)z. The lifting of the degen-
eracy of the NV vacua and thus the spontaneous breaking of
SUSY by the bound state ¥; due to tunneling gives birth to
a universe with a small cosmological constant A = H? = ¢;.
N is expected to be large enough. Thus having €; =~ A in
the favored range of \ ~ 10’120M1;L can be easily arranged.
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Assuming R-symmetry is not crucial or restrictive to our
result. Removing the R-symmetry consideration from the
SUSY sector of the landscape would extend this sector by
allowing the AdS type vacua with A < 0. Hence including
the AdS vacua in the superspace does not change our re-
sults. The SUSY AdS solutions result in a term A < 0in (4)
which may render Fs(a), (20), to be a decaying solution for
all €5 for which €5+ A < 0. These solutions have vanishing
probability and do not give birth to a universe; therefore
they are physically irrelevant. This shows that the most
probable solution still is the first bound state lifted above
zero. We have just shown that ¥ is a unique, stable and
most probable solution with non-zero energy propagating
in the SUSY minisuperspace of the landscape. It can there-
fore be a candidate for the wavefunction of the universe
from the landscape.

4 Concluding remarks

We have shown here how a unique, most probable and sta-
ble solution for the wavefunction of the universe can be
predicted from the landscape without having to appeal
to anthropic arguments. The solution found here sponta-
neously breaks SUSY, since it contains a small and non-
zero A = ( lp’TN)z. Due to tunneling, the wavefunction can
spread throughout the landscape rather than be localized
around one vacuum site. As we showed, ¥, are extended
states. This result is a radical departure from the point of
view taken in the literature, where the question “Which
vacua do we live in?” implies a highly localized solution for
¥,. Constructive interference between right and left mov-
ing plane waves for the large but finite landscape gives
rise to N — 1 normal mode bound states that occupy the
SUSY minisuperspace of the landscape in a discrete band
of energy levels that have a non-zero mass gap from the
degenerate vacuum A = 0. The non-zero mass gap for the
wavefunction of the universe is responsible for the spon-
taneous breaking of the SUSY of the landscape. Each of
the bound states has its own energy and can give rise to
a de Sitter universe with a different expansion rate accord-
ing to the energy level. The probability for the bound state
levels is inversely proportional to their energy; thus the
lowest lying energy state becomes the most probable one.
It is interesting to note that we get a different estimate for
the ground state energy dependence on N; namely, we ob-
tained A ~ N2 instead of the current estimate appearing
in the literature i.e. A~ N~!. It should be noted that the
N — o0 limit recovers SUSY on the 3-geometry as it makes
the mass gap A for the energy level disappear.

Thus, according to our picture, the universe nucleates
directly from the quantum gravity era with a small cosmo-

T

logical constant A = (b N ) ?. We have assumed here that the
subsequent evolution of the universe is the conventional
one. We would need to extend our minisuperspace to in-
clude more degrees of freedom such as the matter content
for the 3-geometries, in order to account for a more re-
alistic universe and to be able to address issues such as
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inflation, reheating, mass hierarchy and others. These im-
portant issues are not trivial within the proposed scenario
and deserve further investigation. We hope to report our
result on the extension of the landscape minisuperspace to
3-geometries that contain the standard model.

Finally, we would like to stress that our scenario is very
different from that of [19] (see also [20] for a different ap-
proach to the cosmological constant problem within the
theories with degenerate vacua). There, one assumed the
existence of a coherent superposition of landscape vacua,
similar to the theta-vacuum in Yang—Mills theory. How-
ever, theta-vacua in field theories appear only if there
are stable classical field configurations with finite action
(instantons) which provide for the inter-vacua tunnelings.
In contrast to [19], we are working in the context of quan-
tum cosmology on minisuperspace and our equation (17)
describes the quantum mechanical problem of a particle
propagating in a periodic potential. The solution to this
problem is by the well-known Bloch waves. Thus in our sce-
nario the role of the theta-vacuum is played by the Bloch
wave type solution (see (16)) for the wavefunction of the
universe. Each mode in (16) describes a universe with a cer-
tain cosmological constant (and supposedly other physical
‘observables’) to which we can assign quantum mechanical
probabilities as is discussed above. This kind of dynamic
selection criterion, based on the probability calculation,
may be a more physical alternative to the statistical [8—
11] or anthropic selection criteria for the landscape vacua.
Obviously there is a transition from quantum to classi-
cal cosmology which involves decoherence. We assume that
once our universe (the one with the largest quantum me-
chanical probability) is born during the “quantum era”,
will decohere, and the subsequent evolution will be deter-
mined by the standard classical cosmology.
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